Abstract. Weak coalgebra-Galois extensions are studied. A notion of an invertible weak entwining structure is introduced. It is proven that, within an invertible weak entwining structure, the surjectivity of the canonical map implies bijectivity provided the structure coalgebra C is either coseparable or projective as a C-comodule.
Introduction
Galois-type extensions of non-commutative algebras play the role of (schemes of) non-commutative principal bundles. The study of generalised Galois extensions was initiated by Kreimer and Takeuchi in [23] in terms of Hopf-Galois extensions and beautifully developed and generalised, in particular by Doi, Takeuchi and Schneider (cf. [28] ). In recent years, in view of the role they play in non-commutative geometry, Hopf-Galois extensions went through a series of further generalisations, thus leading to the notion of a coalgebra-Galois extension (cf. [11] , [10] ), and, most recently, a weak coalgebra-Galois extension (cf. [7] , [13] ), a weak Hopf-Galois extension (see [14] for the definition and [22] for an action-free characterisation) and a Hopf algebroid Galois extension (cf. [21] , [3] ). It has been realised in [7] that the general algebraic structure underlying all these Galois-type extensions is that of a coring, termed a Galois coring (cf. [32] ). This, in turn, is a special case of a Galois coring without a grouplike element or a Galois comodule introduced in [17] and recently studied in [8] , [15] , [33] .
To have a Galois property means that a certain map, usually called a canonical map, must be an isomorphism (or, at least, a bijection). One of the most useful results in the standard Hopf-Galois theory is the theorem of Schneider that states that it is often enough to prove that the canonical map is an epimorphism to conclude that it is an isomorphism. This result proves particularly useful in constructing explicit examples of Hopf-Galois extensions, of which there has been a plethora recently, in particular within a realm of the non-commutative geometry. Schneider's theorem is also very natural from the geometric point of view. Hopf-Galois extensions correspond to principal bundles. These are given in terms of free actions of Lie groups on manifolds. Freeness means surjectivity of the canonical map. In differential geometry the bijectivity then follows by dimension-type arguments that cannot be transferred directly in the algebra context. In [8, Theorem 4.4] it has been shown that the Schneider theorem has in fact a coring origin. In the (most general, so far) case of Galois comodules it is enough to check that the canonical map is a split epimorphism (in a suitable category) to conclude that it is an isomorphism. This then has been applied to bijective entwining structures with a coseparable coalgebra to deduce that the surjectivity of the canonical map suffices to prove that there is a coalgebra-Galois extension (see also [27] for a different, coring-free, approach).
The aim of the present paper is to apply [8, Theorem 4.4 ] to weak-entwining structures of Caenepeel and De Groot [13] and thus to prove a Schneider-type structure theorem for weak coalgebra-Galois extensions (hence, also, weak Hopf-Galois extensions as a special case). The present paper is organised as follows. In Section 2 we set up the notation and conventions, give preliminary results on corings and we also give a formulation of [8, Theorem 4.4 ] over a general commutative ring. This is a mild generalisation of [8, Theorem 4.4] which was originally stated for vector spaces rather than modules, but it can be useful for studying most general Galois-type extensions. As the studies of weak entwining structures and weak Hopf algebras require one to have a number of equalities etc., readily available, we devote Section 3 to collecting such useful formulae that are needed for calculations in later sections. We also show that one can associate a weak coalgebra-Galois extension to any comodule subalgebra of a weak Hopf algebra. In Section 4 we determine the proper notion of an invertible weak entwining structure (the naive bijectivity of an entwining map forces a weak entwining structure to be an entwining structure). Section 5 contains the first main theorem: in the case of an invertible weak entwining structure with a coseparable coalgebra, suffices it to prove that the canonical map is an epimorphism to prove that there is a weak coalgebra-Galois extension. An example includes a weak Hopf-Galois extension by a weak Hopf algebra with bijective antipode. Finally in Section 6 we prove the second main result: within an invertible weak entwining structure, if a coalgebra is projective as a comodule, then surjectivity of the canonical map implies the bijectivity. As a special case one obtains the following weak Hopf algebra generalisation of the Kreimer-Takeuchi theorem [23, Theorem 1.7] : for a finite dimensional weak Hopf algebra over a field, the surjectivity of the canonical map implies its bijectivity.
Corings and Galois comodules
2.1. Preliminaries on corings and Galois comodules. We work over a commutative ring k with a unit. All algebras are over k, associative and with a unit. The product in an algebra is denoted by µ and the unit, both as an element and as a map, is denoted by 1. Unadorned tensor product between k-modules is over k. All coalgebras are over k, coassociative and with a counit. In a coalgebra C, the coproduct is denoted by ∆ C and the counit by ε C . For a ring (k-algebra) A, the category of right A-modules and right A-linear maps is denoted by M A . Symmetric notation is used for left modules. The dual module of a right A-module M is denoted by M * , while the dual of a left A-module N is denoted by * N. The product in the endomorphism ring of a right module (comodule) is given by composition of maps.
Let A be an algebra. A coproduct in an A-coring C is denoted by ∆ C : C → C⊗ A C, and the counit is denoted by ε C : C → A. To indicate the action of ∆ C we use the Sweedler sigma notation, i.e., for all c ∈ C,
etc. Capital Gothic letters always denote corings. The category of right C-comodules and right C-colinear maps is denoted by M C . Recall that any right C-comodule is also a right A-module, and any right C-comodule map is right A-linear. For a right C-comodule M, ̺ M : M → M⊗ A C denotes a coaction, and Hom
⊗m [1] . Symmetric notation is used for left C-comodules. In particular, the coaction of a left C-comodule N is denoted by N ̺, and, on elements,
The same rules of notation apply to comodules over a coalgebra. A detailed account of the theory of corings and comodules can be found in [12] .
Given right C-comodules M and N, the k-module Hom 
This defines a functor Hom [12, 18.21] ). The counit of the adjunction is given by the evaluation map
Similar adjoint functors exist for left C-comodules. In this case the counit is denoted by ϕ N .
View C as a right C-comodule with the regular coaction ∆ C . M is called a Galois (right) comodule if M is a finitely generated and projective right A-module, and the evaluation map ϕ C : Hom
Equivalently, Galois comodules are defined as follows. If M is a finitely generated projective right A-module, then M * ⊗ B M is an A-coring with the coproduct
} is a dual basis of M A , and with the counit ε M * ⊗ B M (ξ⊗m) = ξ(m) (cf. [17] ). In view of the isomorphism Hom
M (with M A finitely generated projective) is a Galois comodule if and only if the canonical map can M is an isomorphism of corings. A Galois comodule M with the endomorphism ring B is called a principal comodule if it is projective as a left B-module.
If M is a right C-comodule that is finitely generated and projective as a right Amodule, then M * is a left C-comodule with the coaction
The endomorphism ring of M * (as a left C-comodule) is isomorphic to the endomorphism ring of M. One can develop the theory of left Galois and principal comodules along the same lines as for the right comodule case. In particular if M is a right Galois comodule, then M * is a left Galois comodule.
The case in which A is a Galois C-comodule is of fundamental importance. In this case the coaction ̺ A : A → A⊗ A C ≃ C is fully determined by a group-like element g = ̺ A (1) ∈ C, i.e., ̺ A (a) = ga. The endomorphism ring B = End −C (A) coincides with the subalgebra of g-coinvariants in A, i.e., B = A coC g := {b ∈ A | bg = gb}. Obviously, A is a finitely generated projective right A-module, A * ≃ A, and A⊗ B A is the Sweedler A-coring, with coproduct a⊗a ′ → a⊗1⊗1⊗a ′ and counit a⊗a ′ → aa ′ . The canonical map comes out as
Thus A is a Galois comodule if and only if C is a Galois coring with respect to g, a notion introduced in [7] . 
is an isomorphism of left B-modules; (c) the map
is a split epimorphism of left C-comodules. Then M is a Galois comodule and M is a k-relatively projective left B-module (meaning that any B-module epimorphism N → M that splits as a k-module map splits as a B-module map).
Proof. Note that the assumption (b) incorporates the part of [8, Lemma 4.5] that is used for the proof of [8, Theorem 4.4] . Once this is realised, the same method of proof as in [8, Theorem 4.4] can be used. We repeat the main arguments for completeness.
By assumption (c), the coring C is a direct summand of M * ⊗M as a left C-comodule, hence, in view of assumption (b), Hom
The counit of the adjunction 
In view of this isomorphism, the fact that ϕ C is bijective implies that ϕ C is bijective. By assumption, C is a flat left A-module, so M C is an Abelian category. Since ϕ C is a bijective morphism in M 
is a split epimorphism of left C-comodules. Then M is a principal comodule.
Proof. A projective module is flat, hence assumption (b) in Corollary 2.2 implies assumption (b) in Theorem 2.1. Since M is a k-relatively projective left B module and M is a projective k-module, M is a projective B-module, hence a principal comodule as required. ⊔ ⊓ Remark 2.3. (1) Note that the assumption that C is a flat left A-module in Theorem 2.1 is made to ensure that M C is an Abelian category (so that every bijection in M C is an isomorphism). Without this assumption the arguments of the proof of Theorem 2.1 imply that ϕ C , hence also can M , is a k-linear isomorphism. Thus, skipping assumption (a), one can prove that M is a Galois module in a weaker sense considered in special cases by some authors (cf. [3] , [27] ).
(2) In the case of an A-coring C with a grouplike element g and the right C-comodule M = A, the dual M * = A and
Hence the map in Theorem 2.1 (a) comes out as
Thus the condition (a) means in this case that
and appears in this form in [3] and [27] .
3. Weak entwining structures and weak Hopf algebras 3.1. Weak entwining structures and weak coalgebra Galois extensions. Motivated by a connection between entwining structures and Doi-Koppinen modules ( [6] , see also [16] and [12, Chapter 5] for reviews), weak entwining structures were introduced in [13] as a structure behind a weak Doi-Koppinen datum defined in [2] . A right-right weak entwining structure is a triple (A, C, ψ R ), where A is a k-algebra, C is a k-coalgebra, and ψ R : C ⊗ A → A ⊗ C is a k-linear map, which, writing
, satisfies the following relations:
An example of a right-right weak entwining structure is provided by a right-right entwining structure (A, C, ψ R ). Recall from [11] that this is defined by requiring that equations (3.1) and (3.3) are satisfied, while equations (3.2) and (3.4) are replaced by
for all m ∈ M and a ∈ A. The category of weak entwined modules over (A, C, ψ L ) and A-linear C-colinear maps is denoted by
The most natural point of view on weak entwining structures and associated modules is provided by corings and their comodules 1 . As shown in [7] , to any right-right weak entwining structure (A, C, ψ R ) one can associate an A-coring C such that the category of right C-comodules is isomorphic to the category of weak entwined modules over (A, C, ψ R ). As understanding of this fact is crucial to what follows, we quote it in full. Proposition 3.1. Let (A, C, ψ R ) be a right-right weak entwining structure. Let
,
Explicitly, for all a ∈ A, c ∈ C,
In a similar way, to a left-left weak entwining structure (A, C, ψ L ), one can associate a projection
and an A-coring
In this case D is an (A, A)-bimodule with the left multiplication a(
The coproduct and the counit of D are obtained by restricting of ∆ C ⊗A and ε C ⊗A, respectively, to Im p L .
The following example, taken from [7] , recalls the definition of the main object of studies of the present paper.
1 Note that weak entwining structures we discuss in this paper are self-dual entwining structures in terminology of [12] . More general weak entwining structures discussed in [12] are best described in terms of weak corings [31] .
Example 3.2. Let C be a coalgebra, A an algebra and a right C-comodule with the coaction ̺ A . Let
and let can :
View A ⊗ B A as a left A-module via µ ⊗ B A and a right C-comodule via A ⊗ B ̺ A . View A ⊗ C as a left A-module via µ ⊗ C and as a right C-comodule via A ⊗ ∆ C . Now suppose the can is a split monomorphism in the category of left A-modules and right C-comodules, i.e., there exists a left A-module, right C-comodule map By Proposition 3.1, any weak coalgebra-Galois C-extension B ⊆ A induces a coring C = Im p R associated to the canonical weak entwining structure (A, C, ψ σ R ). As observed in [7] , the coring C is a Galois coring, i.e., A is a Galois comodule. Conversely, suppose (A, C, ψ R ) is a right-right entwining structure, and C = Im p R is the corresponding coring. Suppose further that A is a right Galois C-comodule, and let B be the subalgebra of coinvariants. If A is a Galois right comodule, then B ⊆ A is a weak coalgebra-Galois C-extension and, necessarily, (A, C, ψ R ) is the canonical right-right entwining structure associated to this extension. This follows immediately from the commutative diagram of right A-module left C-comodule maps
where can A is the canonical map as in equation (2.
1).
Thus there are two equivalent points of view on weak coalgebra-Galois extensions: the entwining-free definition of Example 3.2 or the definition within a weak entwining structure (or, more precisely, the associated coring). We will make substantial use of this latter point of view.
3.2.
Weak Hopf algebras and weak Hopf-Galois extensions. The notion of a weak bialgebra was introduced in [5] and [25] . The paper [4] contains a detailed account of the theory of weak bialgebras and weak Hopf algebras and is a gold mine of useful formulae and properties of weak bialgebras. A concise review of these properties (for infinite weak bialgebras over a commutative ring) can be found in [12, Section 36]. A weak k-bialgebra H is a k-module with a k-algebra structure (µ, 1) and a kcoalgebra structure (∆, ε) such that ∆ is a multiplicative map and
. An important role in the studies of the structure of weak bialgebras is played by the projections
Every weak bialgebra can be seen to be a bialgebroid; the above projections are used in the construction of a base algebra for this bialgebroid. Furthermore, they are needed for the definition of an antipode. A weak Hopf algebra is a weak k-bialgebra with a k-linear map S : H → H, called the antipode, such that, for all h ∈ H,
The antipode S is an anti-algebra and anti-coalgebra map. Furthermore,
Given a weak bialgebra H, a right H-comodule algebra is defined in [2, Definition 2.1] as a k-algebra A with a right H coaction ̺ : A → A⊗H, such that for all a, b ∈ A,
As shown in [2, Definition 2.1] and [13, Proposition 4.10], given the multiplicativity of ̺ (3.15), the condition (3.16) is equivalent to each one of the following statements (which we list here for future reference):
Dually, a right H-module coalgebra is defined as a coalgebra C and a right H-module such that, for all h, k ∈ H and c ∈ C,
Note that condition (3.22) expresses the comultiplicativity of the action, and hence it is dual to condition (3.15). The condition (3.23) is dual to (3.17) . As is the case for comodule algebras, various equivalent formulations of condition (3.23) are possible (cf. [13, Proposition 4.11] for details). Left H-comodule algebras and left H-module coalgebras can be defined in a similar way.
Comodule algebras and module coalgebras of weak bialgebras provide one with examples of weak entwining structures. More precisely, given a right H-comodule algebra A and a right H-module coalgebra C, one defines a k-linear map
The triple (A, C, ψ R ) is a right-right weak entwining structure (cf. [13, Theorem 4.14]). Similarly, given a left H-comodule algebra A and a left H-module coalgebra C, the k-linear map
is a left-left weak entwining map. In particular, if H is a weak bialgebra, then H itself is a right H-module coalgebra with the action given by the product. Hence, for any right H-comodule algebra A, the map
is a right-right weak entwining map. Therefore, there is a corresponding projection [1] , and the A-coring E = Im p R as in Proposition 3.1. Explicitly, the structure maps for E come out as
The category of right E-comodules is isomorphic to the category of weak relative Hopf modules. In particular, A is such a module, hence g = ̺(1)
Following [14] , the extension of algebras B ⊆ A is called a weak Hopf-Galois H-extension if A is a Galois comodule, i.e., E is a Galois coring, or, equivalently, the map
is an isomorphism of A-corings. A weak Hopf algebra H is a weak Hopf-Galois extension of its (right) coinvariant subalgebra
Obviously, a weak Hopf-Galois extension is a weak coalgebra-Galois extension. In fact, the above example of a weak Hopf algebra as a weak Hopf-Galois extension is a special case of the general construction of extensions over comodule subalgebras.
This construction follows a similar pattern as in the case of Hopf algebras (cf. [12, 34.2] ) and is described in the following Example 3.3. Let H be a k-flat weak Hopf algebra, and let A be a left comodule subalgebra of H, i.e., a (unital) subalgebra such that ∆(A) ⊆ H⊗A. Let A R = Im Π R ∩ A. Then J = A R H is a coideal in H, since, for all a ∈ A R and h ∈ H,
where the third equality follows by (3.19) (remember that H is a right H-comodule algebra) and the final inclusion is inferred from the assumption ∆(a) ∈ H⊗A and from the fact that Π R is a projection. Furthermore,
Thus C = H/J is a coalgebra with the coproduct and counit induced by the canonical projection π :
Obviously, C is a right H-module with the multiplication, for all h ∈ H and c ∈ C,
In fact, C is a right H-module coalgebra, as π is a coalgebra map and ∆ is comultiplicative, hence, for all h ∈ H, c ∈ C andh ∈ π −1 (c),
This calculation has exactly the same form as a corresponding calculation for Hopf algebras. A slightly different computation that makes use of (3.12) and the counitality of π, proves the condition (3.23). Explicitly,
Thus (H, C, ψ R ), where
is a right-right weak entwining structure. Furthermore, H is an entwined module over (H, C, ψ R ) with the coaction
Note also that A ⊆ B = H coC , as, for all a ∈ A,
where the final equality follows form the facts that ∆(a) ∈ H⊗A, the definition of π and by (3.19) . Now define the map
The map σ is well defined, since, if c = 0, thenh
The first equality follows by the fact that S is an anti-algebra map, the second one is a consequence of ∆(a) ∈ H⊗A ⊆ H⊗B, then the definition of a counit is used, and finally a relationship between barred and unbarred right projection (cf. [12, 36.11] or equation (4.1) below) yields the penultimate equality. The map σ is clearly a left H-module, right C-comodule map. Furthermore, for all h,h ∈ H,
where the penultimate equality follows by the fact that A is assumed to be a unital comodule subalgebra of H, so ∆(1) ∈ H⊗A ⊆ H⊗B.
In this way we have proven that every comodule subalgebra of a weak Hopf algebra H yields a weak coalgebra-Galois extension B ⊆ H. Note that the canonical entwining map computed directly from the retraction σ above (cf. Example 3.2) comes out as, for all c ∈ C, h ∈ H andh ∈ π −1 (c),
where the penultimate equality follows by the left comodule version of (3.16) (H is a left H-comodule algebra). Thus the canonical entwining ψ σ R coincides with the entwining ψ R in (3.28), as expected.
A quest for an invertible weak entwining structure
Recent generalisations of the Schneider Theorem I (cf. [28] ) and the KreimerTakeuchi theorem (cf. [23] ) to general coalgebra-Galois extensions and coring-Galois extensions use bijectivity of the canonical entwining structure (cf. [8] , [27] ) or an entwining structure over a non-commutative ring (cf. [3] ). As the aim of the present paper is to extend these results to weak coalgebra-Galois extensions, we need to find a proper definition of an invertible weak entwining structure. If we make the obvious choice, however, then our quest suffers immediate setback because of the following Lemma 4.1. If (A, C, ψ R ) is a right-right weak entwining structure such that ψ R is a bijective map, then (A, C, ψ R ) is an entwining structure.
Proof
R to relation (3.1) we obtain, for all a,ã ∈ A and c ∈ C,
With these at hand, take any a ∈ A and c ∈ C, and compute
Now taking a = 1, we deduce that α 1 α ⊗ c α = 1 ⊗ c. This equality, together with the relation (3.2) imply
i.e., (A, C, ψ R ) is a right-right entwining structure as claimed. ⊔ ⊓ Lemma 4.1 means that, if one wants to deal with weak entwining structures, one cannot assume that the entwining map be bijective. Instead we propose Definition 4.2. An invertible weak entwining structure is a quadruple (A, C, ψ R , ψ L ) such that (a) (A, C, ψ R ) is a right-right weak entwining structure and (A, C, ψ L ) is a left-left weak entwining structure;
The introduction of a bijective entwining map in all generalisations of Schneider's and the Kreimer-Takeuchi theorems, replaces the original assumption that a Hopf algebra has a bijective antipode. Indeed, the entwining map associated to a Doi-Koppinen datum (A, C, H) is bijective provided H has a bijective antipode. The notion of an invertible weak entwining structure introduced in Definition 4.2 is motivated by the following observation.
Proposition 4.3. Let H be a weak Hopf algebra with a bijective antipode, A a right
H-comodule algebra and C a right H-module coalgebra. Then (A, C, ψ R , ψ L ) with ψ R given by equation (3.24) and
is an invertible weak entwining structure.
Proof. First we need to prove that (A, C, ψ L ) is a left-left weak entwining structure. Suffices it to check that there exists a weak bialgebraH such that A is a leftHcomodule algebra, C is a leftH-module coalgebra and the map ψ L has the form given in equation (3.25) . TakeH = H op , the opposite algebra to H. When viewed as an element ofH, an element h of H is denoted byh. The right H-multiplication on C, makes C a leftH-module by the formulā hc = ch.
Since the right action of H on C is comultiplicative, so is the derived leftH-action. Furthermore, condition (3.23) implies for all h, k ∈ H and c ∈ C,
(note the use of equation (3.23)). This is one of the equivalent conditions for C to be a leftH-module coalgebra. Consider a k-linear map
Since the antipode is an anti-coalgebra map, so is S −1 , hence λ is a leftH-coaction. Furthermore, ̺ is a multiplicative map, while S −1 is an anti-algebra map, thus λ : A →H⊗A is a multiplicative map. Finally, we can use equations (3.14) and (3.21) to compute
This is the left-handed version of condition (3.21). Thus we conclude that A is a left H-comodule algebra, C is a leftH-module coalgebra and ψ L has the form (3.25) with the coaction λ. Hence (A, C, ψ L ) is a left-left weak entwining structure. Next we prove that the conditions (b) in Definition 4.2 are satisfied. The projections corresponding to weak entwining maps ψ R and ψ L come out as
Take any a ∈ A and c ∈ C and compute
The third equality follows from the fact that the antipode (and hence also its inverse) is an anti-algebra map, the fourth one is the defining property of the antipode in a weak Hopf algebra. The fifth equality follows from the definition of a right Hcomodule algebra, equation (3.16) . Next use the first of equations (3.14) and the first of equations (3.13) to note that, for all h ∈ H,
Again the third equality follows from the fact that the antipode (and hence also its inverse) is an anti-algebra map and the fourth one is the defining property of the antipode in a weak Hopf algebra. The fifth equality follows from property (4.1), while the sixth one is the consequence of the fact that A is a right H-comodule algebra, hence equation (3.19) holds.
Finally we need to check that the maps ψ L and ψ R satisfy property (c) in Definition 4.2, i.e., that, for all c ∈ C,
The first equality follows from the compatibility between the counit and the action of H on a right module coalgebra C, equation (3.23) . The third equality is simply the definition of Π L , while the fourth equality follows from property (4.1). Finally, the last equality is obtained by the use of equation (3.20) . Thus we conclude that (A, C, ψ R , ψ L ) is an invertible weak entwining structure as claimed. ⊔ ⊓ In particular we obtain Corollary 4.4. Let H be a weak Hopf algebra with a bijective antipode and let A be a right H-comodule algebra. Then (A, H, ψ R , ψ L ) with ψ R given by equation (3.26) and
Proof. This follows immediately from the fact that H itself is a right H-module coalgebra with the action given by the product, and from Proposition 4. (
Proof.
(1) Note that ψ R (C⊗A) ⊆ Im p R . Since p R is a projection, p R • ψ R = ψ R , and the condition (a) in Definition 4.2 implies
Statement (2) is proven in a similar way. ⊔ ⊓ As is often the case with (weak) entwining structures, the notion of an invertible weak entwining structure has the clearest meaning in terms of corings. Proof. Since p R and p L are projections, the conditions (b) in Definition 4.2 imply that restrictions of ψ R and ψ L to Im p L and Im p R respectively, are inverse isomorphisms of k-modules. Furthermore, for all a ∈ A and c ∈ C,
where the second equality follows from (3.5) and the penultimate equality follows from the property (b) in Definition 4.2. On the other hand
where again the second equality follows from the property (b) in Definition 4.2. Thus ψ R is a left A-module map. Moreover, Lemma 4.5 implies
On the other hand
where the last equality follows from equation (3.1). Hence ψ R is an (A, A)-bimodule map. Similarly it can be shown that ψ L is an (A, A)-bimodule map. Thus ψ R is an (A, A)-bimodule isomorphism with the inverse ψ L . Next we show that the map ψ R is counital. Take any c ∈ C and a ∈ A and compute
To derive the first equality we have used Lemma 4.5 (1) and then the definition of the counit in C. The second equality follows from equation (3.2), while the third one is the consequence of propety (c) in Definition 4.2. The final equality follows from the definition of the counit in D. Thus ψ R is a counital map. Similarly one shows that ψ L is a counital map. Finally we need to prove that ψ R and ψ L are comultiplicative maps. Take any a ∈ A and c ∈ C, and use Lemma 4.5(1) and the definition of the coproduct in C to compute
On the other hand,
The first equality is the definition of the coproduct in D, the second follows from the definition of a left-left entwining structure, more precisely, equation ( . Similarly, for an invertible weak entwining structure one proves [1] . But then A is also a left C-comodule with the coaction a → ag⊗ A 1. By Proposition 4.6, the map ψ L : C → D is an isomorphism of A-corings, hence the left C-coaction of A induces a left D-coaction on A,
Weak coalgebra Galois extensions with coseparable coalgebras
Once we have understood how to define an invertible weak entwining structure we can proceed to apply Theorem 2.1 to deduce a criterion for an algebra to be a weak coalgebra-Galois extension. This is a subject of the present and following sections.
First recall that a coalgebra C is called a coseparable coalgebra provided the coproduct has a retraction in the category of C-bicomodules. Equivalently, C is a coseparable coalgebra if there exists a cointegral, i.e., a k-module map δ : C⊗C → k that is colinear, meaning, for all c, c ′ ∈ C,
, and such that δ • ∆ C = ε C . Over an algebraically closed field the notion of coseparability is equivalent to the notion of cosimplicity.
Theorem 5.1. Let (A, C, ψ R , ψ L ) be an invertible weak entwining structure with a k-projective algebra A and k-projective coalgebra C. Denote by p R the projection corresponding to (A, C, ψ R ) and by C = Im p R the corresponding A-coring. Suppose that (1) A is a right weak entwined module with product µ and coaction
Then A is a weak C-Galois extension of the coinvariants B and is C-equivariantly projective as a left B-module (i.e., A is a projective left B module and the multiplication map B⊗A → A has a left B-linear, right C-colinear section).
The strategy of the proof of Theorem 5.1 is to show that it is a special case of Theorem 2.1. As the first step we need to show that there is a left C-comodule map C → A⊗A that splits the canonical map can A : A⊗A → C. By Corollary 4.7, given an invertible weak entwining structure such that A is a right weak entwined module, A is a left weak entwined module. In the case of invertible entwining structures, there is a bijective correspondence between left C-colinear maps C = A ⊗ C → A⊗A with left C-colinear maps C → A⊗A. A similar statement can be proven for invertible weak entwining structures.
Lemma 5.2. Given an invertible weak entwining structure
Then there is the bijective correspondence between left C-colinear maps f : C → A⊗A and k-linear mapsf : C → A⊗A such that
Proof. For all c ∈ C, writef(c) = c 1 ⊗c 2 and apply ψ R ⊗A to equation (5.2) to obtain
Since, for all a ∈ A, a1 [0] ⊗1 [1] ∈ Im p R , the definition of an invertible weak entwining structure, Definition 4. [1] . Applying Lemma 4.5 to the right hand side of (5.3), one obtains that the equation (5.2) is equivalent to
i.e.,
Take a k-linear mapf : C → A⊗A that satisfies condition (5.2) and define a left
1 ⊗c
2 ,
where the second equality follows from property (5.4). On the other hand
2 .
Here we first use the definition of the coproduct in C in Proposition 3.1, then the definition of f in terms of the mapf , next the definition of right A-multiplication in C, and finally properties (3.1) and (3.3) of a right-right weak entwining structure. This proves that f is a left C-colinear map. Conversely, take a left C-colinear map f : Im p R → A⊗A and definef :
where the first equality follows from the definition of the left C-coaction in A in terms of the grouplike element 1 [0] ⊗1 [1] . The second equality is a consequence of the fact that f is a left C-colinear map, while the third one is the property (3.3) of a right-right entwining structure. The fourth equality follows from the definition of the right A-action in C, and the last one is obtained by the use of the fact that f is a left A-linear map and then by the definition off . So we obtain (5.5), i.e., the condition (5.2) is satisfied, as required. ⊔ ⊓ Before the start of the proof of Theorem 5.1 it is also useful to prove the following Lemma 5.3. Take an invertible weak entwining structure (A, C, ψ R , ψ L ) with a kflat coalgebra C. Assume that A is a weak entwined module as in assumption (1) 
Proof. This can be shown as follows. Writeτ (c) = c 1 ⊗c 2 . Since τ is a section of can A ,
Start with the identity
which is simply the definition of left and right C-coactions and also uses (3.1). Applying ψ R ⊗C we obtain
The first and the third equality follow from the (multiple) use of property (3.1) of a right-right weak entwining structure and the second follows from Definition 4.2 (b). The fourth and fifth equalities are consequences of the fact that A is a right entwined module. The sixth equality follows from equation (5.7), while the penultimate equality follows from equation (3.3). Now we apply ψ L ⊗C and use the fact that
The second equality follows from the definition of an invertible weak entwining structure, Definition 4. 
is a left C-comodule map. Explicitly, writingτ (c) = c 1 ⊗c 2 , the map κ comes out as
Note that
The second equality follows from equation ( 
The map σ is a composition of left B-linear maps, therefore left B-linear. We now show that σ is a right C-colinear section of A ̺. The fact that σ is right C-colinear follows from the colinearity of the cointegral δ, equation (5.1) (this is a standard argument for coseparable coalgebras). Explicitly, note that, writingσ(a) = a
[0] ⊗a [0] (2)
[1] ⊗a [1] (1) )⊗a [1] (2)
We can express the fact thatσ is a section of A ̺ in the current notation as a (1) a (2) = a. Using this property, the fact that, by the definition of the coinvariants B, the right C-coaction is left B-linear, and the fact that δ is a cointegral of C, we obtain
[1] ⊗a [1] 
This proves that σ is a left B-module, right C-comodule section of the multiplication map A ̺ as required, and thus completes the proof of the theorem. ⊔ ⊓ (3.27) . If the map
is surjective, then A is a weak Hopf-Galois H-extension of the coinvariants B and it is H-equivariantly projective as a left B-module.
Weak coalgebra Galois extensions with coalgebras projective as comodules
The aim of this section is to prove that, within an invertible weak entwining structure, the projectivity of C as a C-comodule coupled with the surjectivity of the canonical map leads to a weak coalgebra-Galois extension. As a corollary we obtain a weak Hopf algebra version of the Kreimer-Takeuchi theorem [23, Theorem 1.7] that states that for a right comodule algebra A of a finite-dimensional Hopf algebra, the surjectivity of the canonical map implies that A is a Hopf-Galois extension, and that A is projective over its coinvariants. 
Then B ⊆ A is a weak coalgebra-Galois extension and A is k-relatively projective as a left B-module.
Proof. First, notice that from Remark 2.3 we can deduce that the assumption (c) above implies that Hom
hence the usual twist map a⊗b → b⊗a gives rise to an isomorphism
coC . Consequently, the assumption (c) is equivalent to the statement that coC (A⊗A) g = B⊗A, i.e., as explained in Remark 2.3, the condition (b) in Theorem 2.1 is fulfilled. Let D be a coring corresponding to (A, C, ψ L ). By Proposition 4.6, the coring C is isomorphic to D, hence C is a left D-comodule via (ψ L ⊗ A C) • ∆ C . The correspondence between left D-comodules and left entwined modules then yields that C is a left entwined module, hence, in particular, a left C-comodule. For α 1 α ⊗ c α ∈ C, the left C-coaction comes out as
implied by (3.8) . In view of this we can compute
The first equality follows by the properties of right-right weak entwining structures in particular (3.3), the second by part (b) of Definition 4.2, the third by the previous computation (6.1) and the final equality by (3.5) . This implies that the map Second equality follows by left linearity of can A , the third by (6.3), the fourth by (6.2) and the last by the property (3.1) of a right-right weak entwining map. This means that f is a left C-colinear section of can A . With additional assumptions this means Theorem 2.1 can be applied to obtain desired result. ⊔ ⊓ Corollary 6.2. Let k be a field and let H be a finite dimensional weak Hopf algebra over k. Let A be a right H-comodule algebra and E be the A-coring associated to the corresponding right-right weak entwining map ψ R given by (3.26) . If
is surjective, then B ⊆ A is a weak Hopf-Galois extension and A is projective as a left (and right) B-module.
Proof. First, [4, Theorem 2.10] implies that H has a bijective antipode, hence by Corollary 4.4, (A, H, ψ R , ψ L ) is an invertible weak entwining structure with ψ R given by (3.26) and ψ L given by (4.2). Second, as the dual H * of a finite dimensional weak Hopf algebra is a weak Hopf algebra, [4, Theorem 3.11] implies that H * is a quasi-Frobenius algebra (i.e., it is self-injective). Now combination of the FaithWalker theorem [19, Theorem 24.12 ] that asserts that every injective module over a quasi-Frobenius algebra is projective and [20, Theorem 1.3] that states that a quasico-Frobenius coalgebra is projective as a comodule, implies that H is a projective left (and right) H-comodule (cf. [20, Remark 1.5] ). Since k is a field, the condition (c) in Theorem 6.1 is automatically satisfied. Thus Theorem 6.1 yields the required assertion. The right B-projectivity of A follows from the left-right symmetry (see the discussion at the end of this section). ⊔ ⊓ Every weak Hopf algebra is a Hopf algebroid over R = Im Π L and a right Hcomodule algebra A is also a comodule algebra over this Hopf-algebroid (cf. [12, 36.9, 37.15] or see the original papers [18] , [30] , [26] and [9] for more details). A right-right weak entwining structure (A, H, ψ R ) with ψ R given by (3.26) can be understood as a right-right entwining structure over R. With this identification, one can also deduce Finally let us mention that, throughout, we worked in a right-handed convention, taking right comodules (such as right Galois-comodules), right coalgebra extensions (algebras A with a right C-coaction), etc. Clearly, all the results presented here can also be presented in a left-handed convention. For example, assuming that the canonical map can M in Theorem 2.1 is a split epimorphism in the category of right C-comodules, we can deduce that M * is a left Galois C-comodule. In the case of invertible weak entwining structures the distinction between left-and right-handed conventions is blurred in the sense that every right weak coalgebra-Galois extension (corresponding to a right-right weak entwining ψ R ) is a left weak coalgebra-Galois extension (corresponding to ψ L ) and vice versa. In particular this means that the assumption that C is projective as a left C-comodule in Theorem 6.1 can be replaced by the assumption that C is a projective right C-comodule. As a consequence, in this case, one obtains that A is a weak coalgebra-Galois extension, k-relatively projective as a right B-module. The same arguments together with the left-right symmetry of the notions of a quasi-Frobenius algebra and a quasi-co-Frobenius coalgebra imply that A in Corollary 6.2 is projective as a right B-module.
